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Let S be a semitopological semigroup. Let C be a closed convex subset of a uniformly
convex Banach space E whose norm is Fréchet differentiable and  = {Tt : t ∈ S} be
a continuous representation of S as almost asymptotically nonexpansive type mapping
of C into C such that the common ﬁxed point set F () of  in C is nonempty. In
this paper, we prove that if S is right reversible then for each x ∈ C , the closed convex
set
⋂
s∈S co{Ttx: t  s} ∩ F () consists of at most one point. We also prove that if
S is reversible, then the intersection
⋂
s∈S co{Ttx: t  s} ∩ F () is nonempty for each
x ∈ C if and only if there exists a nonexpansive retraction P of C onto F () such that
P Tt = Tt P = P for all t ∈ S and Px is in the closed convex hull of {Ttx: t ∈ S} for each
x ∈ C .
© 2009 Elsevier Inc. All rights reserved.
1. Introduction
In 1975, Baillon [1] originally studied the nonlinear ergodic theorems in the framework of Hilbert spaces. For a nonex-
pansive mapping T from a closed convex subset C of a Hilbert space into itself, he showed that if the set F (T ) of ﬁxed
points of T is nonempty, then for each x ∈ C , the Cesàro means
Sn(x) = 1
n
n−1∑
k=0
T kx
converges weakly to some y ∈ F (T ). In this case the map P , deﬁned by Px = y for each x ∈ C , is a nonexpansive re-
tract from C onto F (T ) such that P T = T P = P and Px ∈ co{Tnx: n = 1,2, . . .} for each x ∈ C , where co A is the closure
of the convex hull of A. In [23], Takahashi proved the existence of such a retraction for an amenable semigroup of non-
expansive mappings in a Hilbert space. In [7], Hirano and Takahashi extended this result to a Banach space. Also, Lau
and Takahashi [11] proved that if E is uniformly convex with a uniformly Fréchet differentiable norm, S is reversible
and the space of bounded right uniformly continuous functions on S has a right invariant mean, then the intersection⋂
s∈S co{Ttx: t  s}∩ F () is nonempty for each x ∈ C if and only if there exists a nonexpansive retraction P of C onto F ()
such that Ts P = P Ts = P and Px is in the closed convex hull of {Tsx: s ∈ S} for all x ∈ C .
Let S be a semitopological semigroup. Let C be a closed convex subset of a uniformly convex Banach space E whose norm
is Fréchet differentiable and  = {Tt : t ∈ S} be a continuous representation of S as almost asymptotically nonexpansive type
mapping of C into C such that the common ﬁxed point set F () of  in C is nonempty. In this paper, we prove that if S is
right reversible then for each x ∈ C , the closed convex set ⋂s∈S co{Ttx: t  s} ∩ F () consists of at most one point. We also
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⋂
s∈S co{Ttx: t  s} ∩ F () is nonempty for each x ∈ C if and only if there
exists a nonexpansive retraction P of C onto F () such that P Tt = Tt P = P for all t ∈ S and Px is in the closed convex hull
of {Ttx: t ∈ S} for each x ∈ C . There is a strong relation between left reversibility and ﬁxed point properties for a semigroup
of nonexpansive mappings on weakly compact convex subsets of a Banach space (see [6,16,17]).
2. Preliminaries
Let S be a semitopological semigroup, i.e., S is a semigroup with a Hausdorff topology such that for each a ∈ S the
mappings s → a · s and s → s · a from S to S are continuous. We also assume that S has an identity e.
A semitopological semigroup S is right reversible if any two closed left ideals of S have nonvoid intersection, i.e., Sa∩ Sb =
∅, a,b ∈ S . In this case, (S,) is a directed system when the binary relation  on S is deﬁned by a  b if and only
if {a} ∪ Sa ⊇ {b} ∪ Sb, a,b ∈ S . Right reversible semitopological semigroups include all commutative semigroups and all
semitopological semigroups which are right amenable as discrete semigroups (see [6, p. 335]). Left reversibility of S is
deﬁned similarly. S is called reversible if it is both left and right reversible.
Let E be a real Banach space. A Banach space E is said to be uniformly convex if for each ε > 0, there exists δ > 0 such
that ‖ x+y2 ‖ 1− δ for each x, y ∈ E satisfying ‖x‖ 1, ‖y‖ 1 and ‖x− y‖ ε. Let E∗ be the topological dual of E . Then
the value of f ∈ E∗ at x ∈ E will be denoted by 〈x, f 〉 or f (x). With each x ∈ E , we associate the set
J (x) = { f ∈ E∗: 〈x, f 〉 = ‖x‖2 = ‖ f ‖2}.
Using the Hahn–Banach theorem, it is immediately clear that J (x) = ∅ for each x ∈ E . The multivalued operator J from E
into E∗ is said to be the duality mapping of E . Let S(E) = {x ∈ E: ‖x‖ = 1} be the unit sphere of E . Then the norm of E is
said to be Fréchet differentiable if for each x ∈ S(E), the limit
lim
r→0
‖x+ ry‖ − ‖x‖
r
exists uniformly for y ∈ S(E). In this case, J is single-valued and
lim
r→0 sup‖y‖=1
∣∣∣∣‖x+ ry‖2 − ‖x‖22r −
〈
y, J (x)
〉∣∣∣∣= 0 (2.1)
for each x ∈ E (see [3] or [4] for details).
Let S be a semitopological semigroup with identity, E be a real uniformly convex Banach space and  = {Ts: s ∈ S} be a
continuous representation of S on a closed convex subset C of E into C , i.e.,
(i) Te = I ,
(ii) Tab(x) = TaTb(x), a,b ∈ S , x ∈ C ,
(iii) the mapping (s, x) → Ts(x) from S × C into C is continuous when S × C has the product topology.
Deﬁnition 2.1. Let C be a nonempty closed convex subset of E and let  = {Ts: s ∈ S} be a continuous representation of S
on C .
(1) The mapping Ts is said to be nonexpansive if
‖Tsx− Ts y‖ ‖x− y‖
for x, y ∈ C and s ∈ S .
(2) The mapping Ts is said to be asymptotically nonexpansive [9,21] if there exists a function κ : S → [0,∞) with
lims∈S κ(s) = 0 such that
‖Tsx− Ts y‖
(
1+ κ(s))‖x− y‖
for x, y ∈ C and s ∈ S .
(3) The mapping Ts is said to be asymptotically nonexpansive type [18] if, for each x in C , there is a function γs(x) : S →
[0,∞) with lims∈S γs(x) = 0 such that
‖Tsx− Ts y‖ ‖x− y‖ + γs(x)
for all y ∈ C and s ∈ S .
(4) The mapping Ts is said to be almost asymptotically nonexpansive type [8] if, for each x in C , there exist functions
φ : S × [0,∞) → [0,∞) with limsups∈S φs(k)  k, γs(x) : S → [0,∞) with lims∈S γs(x) = 0 and μ : S → [0,∞) with
lims∈S μ(s) = 0 such that
‖Tsx− Ts y‖ φs
(‖x− y‖)+ γs(x) + μ(s)
for all y ∈ C and s ∈ S .
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Example 2.1. Let S = N (the set of all natural numbers with addition) and the closed convex subset C = [0,1]. Deﬁne
Ts : [0,1] → [0,1] by
Ts(x) =
{
x+ 12s sinπx, if 0 x 12 ,
0, if 12 < x 1,
for all x ∈ [0,1] and s ∈ S . Then Ts is almost asymptotically nonexpansive type in the sense of (4) but Ts does not satisfy (3).
Indeed let ‖x− y‖ = k ∈ [0,∞), deﬁne φ : S × [0,∞) → [0,∞), γs(x) : S → [0,∞) and μ : S → [0,∞) by
φs(k) =
⎧⎪⎨
⎪⎩
2
s(s+1)
2 −1−1
2
s(s+1)
2 −1
k, if k ∈ [0, 12 ],
k − ( 12 )
s(s+1)
2 , if k ∈ [ 12 ,∞),
γs(x) = 1
s
x
and
μ(s) = 1
s
,
for all s ∈ S and k ∈ [0,∞).
3. Ergodic theorem for reversible semigroups in Banach space
For the remainder of this section, S denotes a semitopological semigroup and  = {Ts: s ∈ S} is a continuous represen-
tation of S as almost asymptotically nonexpansive type mappings from a nonempty closed convex subset C of a Banach
space E into C . Let F () denote the set {x ∈ C : Ts(x) = x for all s ∈ S} of common ﬁxed points of  in C . Then, as is well
known, F () is a closed convex subset of C . If A is a subset of a Banach space E , denote the closed convex hull of A by co A.
And ω(x) denote the set of all weak limit points of the set {Ts(x): s ∈ S}, for each x ∈ C .
Lemma 3.1. Let S be a right reversible semitopological semigroup and t → Ttx is continuous for each x ∈ C. Then
inf
s∈S supt∈S
∥∥λTtsx+ (1− λ)y − z∥∥= sup
s∈S
inf
t∈S
∥∥λTtsx+ (1− λ)y − z∥∥,
for each y, z ∈ F () and each λ ∈ [0,1].
Proof. Let S be a right reversible semitopological and t → Ttx is continuous. Set
A = inf
s∈S supt∈S
∥∥λTtsx+ (1− λ)y − z∥∥
and
B = sup
s∈S
inf
t∈S
∥∥λTtsx+ (1− λ)y − z∥∥.
Let ε > 0. Then there exist s0, s1 ∈ S such that
sup
t∈S
∥∥λTts0x+ (1− λ)y − z∥∥ A + ε
and
inf
t∈S
∥∥λTts1x+ (1− λ)y − z∥∥ B − ε.
Since S is right reversible, Ss0 ∩ Ss1 is nonempty. Consequently, there exists s2 ∈ Ss0 ∩ Ss1. Let t ∈ S . From s2 ∈ Ss0, there is
a set {tα} of S such that tαs0 → s2. Since ‖λTttα s0x+ (1− λ)y − z‖ A + ε, we have∥∥λTts2x+ (1− λ)y − z∥∥ A + ε.
Similarly, we have∥∥λTts2x+ (1− λ)y − z∥∥ B − ε.
Hence
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t∈S
∥∥λTts2x+ (1− λ)y − z∥∥
 inf
t∈S
∥∥λTts2x+ (1− λ)y − z∥∥ B − ε.
Since ε > 0 is arbitrary, we have A  B and so A = B . This completes the proof. 
Lemma 3.2. Let C be a closed convex subset of a uniformly convex Banach space E whose norm is Fréchet differentiable. Then for each
x ∈ C, y ∈⋂s∈S co{Ttx: t  s} ∩ F () and z ∈ F (),
sup
s∈S
inf
t∈S
〈
Ttsx− y, J (y − z)
〉
 0.
Proof. Let x ∈ C , let y ∈⋂s∈S co{Ttx: t  s} ∩ F () and z ∈ F (). Put
g(λ) = inf
s∈S supt∈S
∥∥λTtsx+ (1− λ)y − z∥∥
for 0 λ 1. Let ε > 0. Then there exists s0 ∈ S such that∥∥λTts0x+ (1− λ)y − z∥∥ g(λ) + ε
for each t ∈ S . From y ∈ co{Tts0x: t ∈ S} = co{Tt′x: t′  s0}, we have
‖y − z‖ g(λ) + ε.
Since infs∈S supt∈S ‖λTtsx+ (1− λ)y − z‖ = sups∈S inft∈S ‖λTtsx+ (1− λ)y − z‖, by Lemma 3.1, we obtain
g(λ) − ε  ‖y − z‖.
Hence, we get ‖y − z‖ = g(λ) for each λ with 0 λ 1. Set
δ(λ) = sup
‖k‖=1
(‖y − z + λk‖2 − ‖y − z‖2
2λ
− 〈k, J (y − z)〉) (3.1)
for all 0 < λ 1. Then δ is an increasing function and δ(λ) → 0 as λ → 0 from (2.1). By ‖y − z‖2 = {g(λ)}2 for 0 < λ 1
and (3.1), we have
0 = 1
2
{
g(λ)
}2 − 1
2
‖y − z‖2
= 1
2
sup
s∈S
inf
t∈S
∥∥λTtsx+ (1− λ)y − z∥∥2 − 1
2
‖y − z‖2
= sup
s∈S
inf
t∈S
(‖λTtsx+ (1− λ)y − z‖2 − ‖y − z‖2
2
)
 sup
s∈S
inf
t∈S
(
λ
〈
Ttsx− y, J (y − z)
〉+ λδ(λ))
= λ sup
s∈S
inf
t∈S
〈
Ttsx− y, J (y − z)
〉+ λδ(λ)
for 0 < λ 1. This completes the proof. 
As a direct consequence of Lemma 3.2, we can get the following theorem, which has been proven previously under
different assumptions. In [18] (Theorem 1), it was proven under the assumption that  = {Tt : t ∈ S} is an asymptotically
nonexpansive type semigroup; in [14] (Theorem 3.11), it was under the assumption that  is a nonexpansive semigroup; and
in [24] (Theorem 1), it was under the assumption that  is an asymptotically nonexpansive semigroup and E is a Hilbert
space.
Theorem 3.1. Let C be a closed convex subset of a uniformly convex Banach space E with a Fréchet differentiable norm. Let  = {Tt :
t ∈ S} be a semitopological semigroup of almost asymptotically nonexpansive type mappings on C and F () = ∅. Then for each x ∈ C,
the set⋂
s∈S
co{Ttx: t  s} ∩ F ()
consists of at most one point.
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Tts0x− y, J (y − z)
〉
> −ε (3.2)
for each t ∈ S . If z ∈⋂s∈S co{Ttsx: t ∈ S} =⋂s∈S co{Ttx: t  s}, then z ∈ co{Tts0x: t ∈ S}. From (3.2), we have〈
z − y, J (y − z)〉−ε,
i.e., ‖y − z‖2  ε. Since ε > 0 is arbitrary, we obtain y = z. This completes the proof. 
By using Theorem 3.1, we now study the problem of the weak convergence of {Ttx: t ∈ S}.
Theorem 3.2. Let C be a closed convex subset of a uniformly convex Banach space E with a Fréchet differentiable norm, S be right
reversible and F () = ∅. Let x ∈ C. If ω(x) ⊆ F (), then the set {Ttx: t ∈ S} converges weakly to some y ∈ F ().
Proof. Since F () = ∅, {Ttx: t ∈ S} is bounded. So {Ttx: t ∈ S} must contain a subset {Ttα x} which converges weakly to
some z ∈ C . Since ω(x) ⊆ F () and z ∈⋂s∈S co{Ttx: t  s}, we obtain
z ∈
⋂
s∈S
co{Ttx: t  s} ∩ F ().
Therefore, it follows from Theorem 3.1 that {Ttx: t ∈ S} converges weakly to some z ∈ F (). 
By using Theorem 3.1, we now prove the following ergodic retraction theorem.
Theorem 3.3. Let C be a closed convex subset of a uniformly convex Banach space E with Fréchet differentiable norm and S a right
reversible semitopological semigroup. Let  = {Tt : t ∈ S} be a semigroup of almost asymptotically nonexpansive type mappings on C ,
F () = ∅. Then the following are equivalent:
(a)
⋂
s∈S co{Ttx: t  s} ∩ F () = ∅ for each x ∈ C.
(b) There is a nonexpansive retraction P of C onto F () such that P Tt = Tt P = P for every t ∈ S and Px ∈ co{Ttx: t ∈ S} for each
x ∈ C.
Proof. (b) ⇒ (a): Let x ∈ C , then Px ∈ F (). Also, Px ∈ ⋂s∈S co{Ttx: t  s}. In fact, Px = P Tsx ∈ co{Tt Tsx: t ∈ S} ⊂
co{Ttx: t  s} for each s ∈ S .
(a) ⇒ (b): By Theorem 3.1 and the assumption, ⋂s∈S co{Ttx: t  s} ∩ F () consist of exactly one point Px. Clearly
Ts P = P for each s ∈ S . For every a ∈ S , we have
{P Tax} =
⋂
s∈S
co{Ttax: t  s} ∩ F ()
=
⋂
s∈S
co{Ttsax: t ∈ S} ∩ F ()
⊇
⋂
s∈S
co{Ttsx: t ∈ S} ∩ F ()
= {Px}
and hence we have P Ta = P for every a ∈ S .
Now, we shall show that P is nonexpansive. Let ε > 0 and let x, y ∈ C . By Lemma 3.2, there exists s ∈ S such that〈
Ttsx− Px, J (Px− P y)
〉
> −ε
for each t ∈ S . For such an element s, we have
sup
u∈S
inf
t∈S
〈
Ttu Ts y − P Ts y, J (P Ts y − Px)
〉
 0
by Lemma 3.2. So there also exists u ∈ S such that〈
Ttus y − P Ts y, J (P Ts y − Px)
〉
> −ε
for each t ∈ S . Then from P Ts y = P y, we have
−2ε < 〈Tsusx− Px, J (Px− P y)〉+ 〈Tsus y − P y, J (P y − Px)〉
= 〈Tsusx− Tsus y − Px+ P y, J (Px− P y)〉
= 〈Tsusx− Tsus y, J (Px− P y)〉− ‖Px− P y‖2

{
φb
(‖x− y‖)+ γb(x) + μ(b)}‖Px− P y‖ − ‖Px− P y‖2,
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−2ε  limsup
b∈S
[{
φb
(‖x− y‖)+ γb(x) + μ(b)}‖Px− P y‖ − ‖Px− P y‖2]

(‖x− y‖ − ‖Px− P y‖)‖Px− P y‖.
Since ε > 0 is arbitrary, we obtain that ‖Px− P y‖ ‖x− y‖. This completes the proof. 
Remark 3.1. Theorem 3.3 is a generalization of results in [14,18,24].
Remark 3.2. Note that the two conditions: S is right reversible and RUC(S) has a right invariant mean, are independent
unless RUC(S) has suﬃciently many functions to separate closed sets (see [6] and [12]).
4. An ergodic theorem in Hilbert space by using submeans
Let S be a nonempty set and let X be a subspace of l∞(S) (bounded real-valued functions on S) containing constants.
By a submean on X we shall mean a real-valued function m on X satisfying the following properties:
(1) m( f + g)m( f ) +m(g) for every f , g ∈ X ,
(2) m(α f ) = αm( f ) for every f ∈ X and α  0,
(3) for f , g ∈ X , f  g implies m( f )m(g),
(4) m(c) = c for every constant function c.
The value of a submean m on X at f will be also be denoted by 〈m, f 〉 or mt( f (t)).
Clearly every mean is a submean. The notion of a submean was ﬁrst introduced by Mizoguchi and Takahashi in [20]. Let
S be a semitopological semigroup and let CB(S) denote the closed subalgebra of l∞(S) consisting of bounded continuous
functions. For each f ∈ CB(S) and a ∈ S , let (la f )(t) = f (at) and (ra f )(t) = f (ta). Let RUC(S) denote all f ∈ CB(S) such
that the mapping from S into CB(S) deﬁned by s → rs f is continuous when CB(S) has the sup norm topology. Then, as
is known [2], RUC(S) is a right translation invariant closed subalgebras of CB(S) containing constants. Note that when S
is topological group, RUC(S) is precisely the space of bounded left uniformly continuous functions on S deﬁned in [5].
A submean m on RUC(S) is called invariant if m(la f ) = m(ra f ) = m( f ) for every f ∈ RUC(S) and a ∈ S . If S is a discrete
semigroup, then RUC(S) has an invariant submean if and only if S is reversible. Also, if S is normal and CB(S) has an
invariant submean, then S is reversible. However, S need not be reversible when CB(S) has an invariant submean in general
(see [12] and [13] for details).
Lemma 4.1. (See [20].) Let C be a nonempty closed convex subset of a Hilbert space H, let S be an index set, and let {xt : t ∈ S} be a
bounded subset of H. Let X be a subspace of l∞(S) containing constants, and let m be a submean on X. Suppose that for each x ∈ C,
the real-valued function f on S deﬁned for all t ∈ S by
f (t) = ‖xt − x‖2
belongs to X. If
r(x) =mt‖xt − x‖2
for all x ∈ C and r = inf{r(x): x ∈ C}, then there exists a unique element z ∈ C such that r(z) = r. Further, the following inequality
holds
r + ‖z − x‖2  r(x)
for every x ∈ C.
Theorem 4.1. Let C be a nonempty closed convex subset of a Hilbert space H and let S be a semitopological semigroup such that
RUC(S) has an invariant submean. Let  = {Ts: s ∈ S} be a continuous representation of S as almost asymptotically nonexpansive
type mappings from C into C . Suppose that {Tsx: s ∈ S} is bounded for some x ∈ C. Then the set⋂
s∈S
co{Ttsx: t ∈ S} ∩ F ()
consists at most one point.
Proof. For any y ∈ H , the function f (t) = ‖Ttx − y‖2 is in RUC(S) (see [10]). Let m be an invariant submean and deﬁne a
real-valued function g on H by
g(y) =mt‖Ttx− y‖2
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nonexpansive and for each t ∈ S ,
‖Ttsx− Q sz‖2 = ‖Q sTtsx− Q sz‖2  ‖Ttsx− z‖2.
So, we have
mt‖Ttx− Q sz‖2 =mt‖Ttsx− Q sz‖2 mt‖Ttsx− z‖2 =mt‖Ttx− z‖2
and from the uniqueness of z, Q sz = z. This implies that
z ∈ co{Ttsx: t ∈ S}
for all s ∈ S . Hence
z ∈
⋂
s∈S
co{Ttsx: t ∈ S}.
On the other hand, by Lemma 4.1,
‖z − y‖mt‖Ttx− y‖2 −mt‖Ttx− z‖2
for every y ∈ H . So, putting y = Tsz for each s ∈ S , we have
‖z − Tsz‖2 mt‖Ttx− Tsz‖2 −mt‖Ttx− z‖2
=mt‖Tst x− Tsz‖2 −mt‖Ttx− z‖2
mt
{
φs
(‖Ttx− z‖)+ γs(z) + μ(s)}2 −mt‖Ttx− z‖2
mt
(
φs
(‖Ttx− z‖))2 + 2(γs(z) + μ(s))mt(φs(‖Ttx− z‖))+ (γs(z) + μ(s))2 −mt‖Ttx− z‖2.
Therefore, we have, for every a ∈ S ,
‖z − Taz‖2 mt
(
limsup
a∈S
φa
(‖Ttx− z‖))2
+ 2 limsup
a∈S
(
γa(z) + μ(a)
) ·mt(φa(‖Ttx− z‖))+ limsup
a∈S
(
γa(z) + μ(a)
)2 −mt‖Ttx− z‖2
mt‖Ttx− z‖2 −mt‖Ttx− z‖2
= 0.
This implies z ∈ F (). This completes the proof. 
5. Ergodic theorems of nonexpansive type mappings without convexity
In this section, we assume that C is a nonempty subset of a real Hilbert space H , S is a semitopological semigroup and
 = {Tt : t ∈ S} is an almost asymptotically nonexpansive type semigroup on C . For each x ∈ C , deﬁne L(x) and L() by
L(x) =
{
z: inf
s∈S supt∈S
‖Ttsx− z‖ = inf
t∈S ‖Ttx− z‖
}
(5.1)
and
L() =
⋂
x∈C
L(x), (5.2)
respectively.
We begin with the following lemma.
Lemma 5.1. Let C be a nonempty subset of a Hilbert space H. Let  = {Tt : t ∈ S} be an almost asymptotically nonexpansive type
semigroup on C and L() = ∅. Then
F () ⊂ L().
Proof. Let x ∈ C and f ∈ F (). Since  is almost asymptotically nonexpansive type, for an arbitrary ε > 0, there exist
s1, s2, s3 ∈ S such that for all t ∈ S ,
φts1 (k) k +
ε
3
, γts2 (x)
ε
3
, μ(ts3)
ε
3
.
Let s0 = max{s1, s2, s3}. Hence,
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s∈S supt∈S
‖Ttsx− f ‖ sup
t∈S
‖Tts0x− f ‖
 sup
t∈S
{
φts0
(‖Tax− f ‖)+ γts0 ( f ) + μ(ts0)}
 ‖Tax− f ‖ + ε
3
+ ε
3
+ ε
3
= ‖Tax− f ‖ + ε
for all a ∈ S . Since ε > 0 is arbitrary, we have
inf
s∈S supt∈S
‖Ttsx− f ‖ inf
t∈S ‖Ttx− f ‖.
Therefore, f ∈ L(x). This completes the proof. 
The following lemma plays a crucial role in the proof of our main theorems in this section.
Lemma 5.2. Let S be a semitopological semigroup, C be a nonempty subset of a Hilbert space H,  = {Tt : t ∈ S} be an almost
asymptotically nonexpansive type semigroup on C and L() = ∅. Then, for every x ∈ C, the set⋂
s∈S
co{Ttsx: t ∈ S} ∩ L(x)
consists at most one point.
Proof. Let u, v ∈⋂s∈S co{Ttsx: t ∈ S} ∩ L(x). Without loss of generality, we assume that
inf
t∈S ‖Ttx− u‖
2  inf
t∈S ‖Ttx− v‖
2.
Now, for each t, s ∈ S , since
‖u − v‖2 + 2〈Ttsx− u,u − v〉 = ‖Ttsx− v‖2 − ‖Ttsx− u‖2,
we have
‖u − v‖2 + 2 inf
t∈S〈Ttsx− u,u − v〉 inft∈S ‖Ttsx− v‖
2 − sup
t∈S
‖Ttsx− u‖2
 inf
t∈S ‖Ttx− v‖
2 − sup
t∈S
‖Ttsx− u‖2.
From u ∈ L(x), we have
‖u − v‖2 + 2sup
s∈S
inf
t∈S〈Ttsx− u,u − v〉 inft∈S ‖Ttx− v‖
2 − inf
s∈S supt∈S
‖Ttsx− u‖2
= inf
t∈S ‖Ttx− v‖
2 − inf
t∈S ‖Ttx− u‖
2
 0.
Therefore, for any ε > 0, there is an s1 ∈ S such that
‖u − v‖2 + 2〈Tts1x− u,u − v〉 > −ε, ∀t ∈ S.
Since v ∈ co{Tts1x: t ∈ S}, we have
‖u − v‖2 + 2〈v − u,u − v〉−ε.
This inequality implies that ‖u − v‖2  ε. Since ε > 0 is arbitrary, we have u = v . This completes the proof. 
Remark 5.1. In [24], Takahashi and Zhang assume C is a closed convex subset, S is a reversible semigroup and  is an
asymptotically nonexpansive semigroup. Lemma 5.2 above shows their assumptions are superﬂuous.
Now, we prove an ergodic retraction theorem for a semitopological semigroup of almost asymptotically nonexpansive
type mappings without convexity.
Theorem 5.1. Let C be a nonempty subset of a Hilbert space H and let  = {Tt : t ∈ S} be a semitopological semigroup of almost
asymptotically nonexpansive type mappings on C such that L() = ∅. Then the following are equivalent:
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s∈S co{Ttsx: t ∈ S} ∩ L() = ∅ for each x ∈ C.
(b) There is a nonexpansive retraction P of C into L() such that P Tt = Tt P = P for every t ∈ S and Px ∈ co{Ttx: t ∈ S} for each
x ∈ C.
Proof. (b) ⇒ (a): Let x ∈ C , then Px ∈ L(). Also, Px ∈ ⋂s∈S co{Ttsx: t ∈ S}. In fact, Px = P Tsx ∈ co{Tt Tsx: t ∈ S} =
co{Ttsx: t ∈ S} for each s ∈ S .
(a) ⇒ (b): Let x ∈ C . From Lemma 5.2 and the assumption, ⋂s∈S co{Ttsx: t ∈ S} ∩ L() consist of exactly one point Px.
Clearly Ts P = P for each s ∈ S . For every a ∈ S , we have
{P Tax} =
⋂
s∈S
co{Ttsax: t ∈ S} ∩ L()
⊇
⋂
s∈S
co{Ttsx: t ∈ S} ∩ L()
= {Px}
and hence we have P Ta = P for every a ∈ S .
Now, we shall show that P is nonexpansive. Let x, y ∈ C and 0 < λ < 1. Then for any ε > 0, there exists s1 ∈ S such that
sup
t∈S
‖Tts1x− P y‖ inft∈S ‖Ttx− P y‖ + ε,
from P y ∈ L(). Hence we have∥∥λTtss1x+ (1− λ)Px− P y∥∥2 = ∥∥(Ttss1x− P y) + (1− λ)(Px− P y)∥∥2
= λ‖Ttss1x− P y‖2 + (1− λ)‖Px− P y‖2 − λ(1− λ)‖Ttss1x− Px‖2
 λ
(‖Tabx− P y‖ + ε)2 + (1− λ)‖Px− P y‖2 − λ(1− λ) inf
t∈S ‖Ttx− Px‖
2,
for each t, s,a,b ∈ S . Since ε > 0 is arbitrary, this implies
inf
s∈S supt∈S
∥∥λTtsx+ (1− λ)Px− P y∥∥2
 λ‖Tabx− P y‖2 + (1− λ)‖Px− P y‖2 − λ(1− λ) inf
t∈S ‖Ttx− Px‖
2
= λ‖Tabx− Px+ Px− P y‖2 + (1− λ)‖Px− P y‖2 − λ2‖Tabx− Px‖2
+ λ2‖Tabx− Px‖2 − λ(1− λ) inf
t∈S ‖Ttx− Px‖
2
= ∥∥λTabx+ (1− λ)Px− P y∥∥2 + λ(1− λ)‖Tabx− Px‖2 − λ(1− λ) inf
t∈S ‖Ttx− Px‖
2.
Then it is easily seen that
inf
s∈S supt∈S
∥∥λTtsx+ (1− λ)Px− P y∥∥2 − λ(1− λ) inf
b∈S
sup
a∈S
‖Tabx− Px‖2
 sup
b∈S
inf
a∈S
∥∥λTabx+ (1− λ)Px− P y∥∥2 − λ(1− λ) inf
t∈S ‖Ttx− Px‖
2.
Since Px ∈ L(), we have
inf
s∈S supt∈S
∥∥λTtsx+ (1− λ)Px− P y∥∥2  sup
s∈S
inf
t∈S
∥∥λTtsx+ (1− λ)Px− P y∥∥2. (5.3)
Let
h(λ) = inf
s∈S supt∈S
∥∥λTtsx+ (1− λ)Px− P y∥∥2.
Then for any ε > 0, there exists s2 ∈ S such that for all t ∈ S ,∥∥λTts2x+ (1− λ)Px− P y∥∥2  h(λ) + ε
and hence
〈
λTts2x+ (1− λ)Px− P y, Px− P y
〉

∥∥λTts2x+ (1− λ)Px− P y∥∥‖Px− P y‖
= (h(λ) + ε) 12 ‖Px− P y‖, ∀t ∈ S.
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λPx+ (1− λ)Px− P y, Px− P y〉 (h(λ) + ε) 12 ‖Px− P y‖.
It follows that
‖Px− P y‖ (h(λ) + ε) 12 .
Since ε > 0 is arbitrary, this yields that
‖Px− P y‖2  h(λ).
That is
‖Px− P y‖2  inf
s∈S supt∈S
∥∥λTtsx+ (1− λ)Px− P y∥∥2. (5.4)
Now, we can choose an s3 ∈ S such that ‖Tts3x− Px‖ M for all t ∈ S , where M = 1+ inft∈S ‖Ttx− Px‖. Then, we have∥∥λTtss3x+ (1− λ)Px− P y∥∥2 = ∥∥λ(Ttss3x− Px) + (Px− P y)∥∥2
= λ2‖Ttss3x− Px‖2 + ‖Px− P y‖2 + 2λ〈Ttss3x− Px, Px− P y〉
 M2λ2 + ‖Px− P y‖2 + 2λ〈Ttss3x− Px, Px− P y〉. (5.5)
It then follows from (5.3)–(5.5) that
λ sup
s∈S
inf
t∈S〈Ttsx− Px, Px− P y〉 2λ sups∈S inft∈S〈Ttss3x− Px, Px− P y〉
 sup
s∈S
inf
t∈S
∥∥λTtss3x+ (1− λ)Px− P y∥∥2 − ‖Px− P y‖2 − M2λ2
= sup
s∈S
inf
t∈S
∥∥λTtsTs3x+ (1− λ)P Ts3x− P y∥∥2 − ‖Px− P y‖2 − M2λ2
 inf
s∈S supt∈S
∥∥λTtsTs3x+ (1− λ)P Ts3x− P y∥∥2 − ‖Px− P y‖2 − M2λ2
 ‖P Ts3x− P y‖2 − ‖Px− P y‖2 − M2λ2
= −M2λ2.
Hence, we have
sup
s∈S
inf
t∈S〈Ttsx− Px, Px− P y〉−
1
2
M2λ.
Letting λ → 0, we have
sup
s∈S
inf
t∈S〈Ttsx− Px, Px− P y〉 0. (5.6)
Let ε > 0, then there exist s4, s5, s6 ∈ S such that
φts4 (k) k +
ε
3
, γts5 (x)
ε
3
, μ(ts6)
ε
3
, ∀t ∈ S.
Let s0 = max{s4, s5, s6}. From (5.6), we have
sup
s∈S
inf
t∈S〈TtsTs0x− P Ts0x, P Ts0x− P y〉 0
and hence there is s7 ∈ S such that
inf
t∈S〈Tts7 Ts0x− P Ts0x, P Ts0x− P y〉−ε.
Then, from P Ts0x = Px, we have
inf
t∈S〈Tts7s0x− Px, Px− P y〉−ε. (5.7)
Similarly, from (5.6), we also have
sup
s∈G
inf
t∈S〈TtsTs7s0 y − P Ts7s0 y, P Ts7s0 y − Px〉 0,
and there exists s8 ∈ S such that
inf〈Tts8s7s0 y − P Ts7s0 y, P Ts7s0 y − Px〉−ε,t∈S
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inf
t∈S〈P y − Tts8s7s0 y, Px− P y〉−ε. (5.8)
On the other hand, from (5.7)
inf
t∈S〈Tts8s7s0x− Px, Px− P y〉−ε. (5.9)
Combining (5.8) and (5.9), we have
−2ε < 〈Tts8s7s0x− Tts8s7s0 y, Px− P y〉 − ‖Px− py‖2
 ‖Tts8s7s0x− Tts8s7s0 y‖‖Px− P y‖ − ‖Px− py‖2

{
φts8s7s0
(‖x− y‖)+ γts8s7s0 (x) + μ(ts8s7s0)}‖Px− P y‖ − ‖Px− py‖2

(
‖x− y‖ + ε
3
+ ε
3
+ ε
3
)
‖Px− P y‖ − ‖Px− py‖2.
Since ε > 0 is arbitrary, this implies ‖Px− P y‖ ‖x− y‖. This completes the proof. 
Using Lemma 5.1, we have the following ergodic retraction theorem for almost asymptotically nonexpansive type semi-
groups.
Theorem 5.2. Let C be a nonempty subset of a real Hilbert space H and let  = {Tt : t ∈ S} be a semitopological semigroup of almost
asymptotically nonexpansive type mappings on C such that F () = ∅. Then the following are equivalent:
(a)
⋂
s∈S co{Ttsx: t ∈ S} ∩ F () = ∅ for each x ∈ C.
(b) There is a nonexpansive retraction P of C onto F () such that P Tt = Tt P = P for every t ∈ S and Px ∈ co{Ttx: t ∈ S} for each
x ∈ C.
Remark 5.2. Theorems 5.1 and 5.2 are generalizations and improvements of many other results (see [7,11,14–21,23,24]).
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